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STIFFENED PLATES UNDER COMFPRESSION

By Alexander Gomza and Paul Seide
SUMMARY

The weight of a simply supported transversely stiffened compression
panel subJected to a given buckling load is investigated as a function
of the stiffener spacing, plate thickness, and the geometry of the
gtiffener cross section.

It is shown that there are particular combinations of stiffener
spacing and plate thickness, dependent upon the geometrical properties
of the stiffener cross section, for which the panel weight is a
minimum. Charts are presented to faclilitate the determination of
these optimum values of stiffener spacing and plate thickness.

INTRODUCTION

The stabillty under end compression of simply supported flat plates
with equally spaced transverse stiffeners (fig. 1) is discussed in
reference 1. The stability criterions presented therein are in-a
form convenient for the determination of the stiffener flexural stiffness
required for a plate with transverse stiffeners to support a given
compressive load without buckling, provided that the stiffener spacing
and the plate length, width, and thickness are known. The total weight
of the deslgn so obtained can vary wldely, however, depending upon the
particular stiffener cross sectlion chosen and the values assumed for
the stiffener spacing and plate thickness.

In the present paper the variation In the total welght of a
transversely stiffened plate 18 investigated as a function of the
stiffener spacing, plate thickness, and the geometrical properties of
the stiffener cross section, with the assumption that only the end
compressive load, plate width, and material properties are known. For
certain assumed variations of the stiffener area with the stiffener
moment of inertia, charts are presented to facilitate the design of the
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lightest weight panel that can withstand the given load without buckling.
The use of these charts 1s illustrated in the appendix by means of a
numerical example.

ASSUMPTTIONS
The following basic assumptions are made in the present paper:

(1) The cross sections of +the plate are constant and the material
is wmiform throughout

(2) The stiffeners are identical and equally spaced
(3) The strains are elastic
(4) The plate is infinite in length

(5) The stiffeners have zero torsional stiffness

The principal limitations of the analysis are seemingly imposed by
assumptions (4) and (5). An examination of figure 7 in reference 1
indicates that, as regards assumption (4), the analysis presented in the
present paper should apply, with reasonable accuracy, to panels with
more than four bays and need not be restricted to a plate of infinite
length; the assumption that the stiffeners have zero torsional stiffness
(assumption (5)) should be sufficlently accurate for most panel designs
using open-section stiffeners and is discussed in more detall in the
section entitled "Effect of stiffemer torsional stiffness.”

° SIMBOIS
Ar gtiffener area
Etp3

D plate flexural stiffness per wit width | ———-

12(1 - p2)
E- Young's modulus for plate
E. Young's modulus for stiffener
GJ stiffener torsional stiffness
I effective moment of inertia of stiffener attached to plate

H
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Ap
Kn =
! I?n.
L.
L stiffener spacing
Lyax stiffener spacing beyond which no amount of stiffening will
maintain stability of the plate for a given compressive
load, plate width, and plate thickness b =
’ Vi 1+ ‘I 1- &
2 .k
P total critical compressive load on plate
S - ﬁll' .].:'.)3 Er-_:[_r
b bD
-2 LG
T=7%®
b plate width
Pb
k buckling loaed coefficient (——
72D
n integer defining the relationship between A, and I,
equal to 2 or 3
ta average volume of panel material per unit length and
AN
=X
width (tp + L>
tp plate thickness
tg plate thickness required to maintain stability in an infi-

nitely long simply supported unstiffened plate under

y2
compression <\</3-Q'---2-|“—l %>
5

™
]
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Y =
D \
5. 2 _ gk
tg k
v Poisson's ratio for plate
g = L
Ipax \

MINIMIM-WEIGHT ANATYSIS

The total welght of panel material per unit length and width is
proportional to an average plate thickness

t =ty + Z (1)
with
ty plate thickness ’ .
A, stiffener area /
I stiffener spacing .

This average plate thickness can vary widely depending upon the

yarticular stiffener area chosen an the values assumed for the stiffener
gpacing and plate thickness. The apalysis 1s considerably simplified 1f
the variation of stiffener area with effective moment of inertia I. is

known since the moment of inertia, and hence the area, is a fumction of
the plate thickness and stiffener spacing. .The problem is then reduced
to that of finding the particular values of plate thickness and stiffener
spacing that yleld the lightest welght panel, provided the buckling
load; plate width, material properties, and variation of stiffener area
wlth moment of inertia are known.

Relationships between stiffener area and moment of inertia.- If it
is assumed that no panel loads other than the compressive load Influence .

the stiffener design, the optimm stiffener cross section, from the
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consideration of weight, is the one wlth the minimum cross-sectional area
for any glven value of moment of inertia. Hence, the stiffener cross
section should be made as deep as possible. If the stiffener cross
section is made sufficiently deep, the value of A,/I,. can be made to

approach zero. Practical considerations, of course, prevent
this Limit from being reached.

Limitations may be imposed on the stiffener cross section other than
those on the depth. Two possible limitations are considered.

(1) There may be a maximm allowable value of hft,, the length-

thickness ratio of any web -or flange of the stiffener. Designing for
minimm stiffener welght would require that the maximum allowable value
of h/'br be used in all panel designs, unless prevented by other
restrictions. If the value of h/tr is held constant for the stiffeners

in different panel deslgns and if there is geometric similarity of the
center lines of the stiffemers, the stiffener area can be shown to vary
approximately as the square root of the stiffener moment of ingrtia.

(2) There may be & minimm allowabls value for tr: If this

limitation goverms the stiffener design, the minimm stiffener welght is
obtained only when the minimm allowable value of .t,.  is used. If the

value of t, 1is held constant for the stiffenmers of different panel

designs and 1f there 1s geometric similarity of the center lines.of the
stiffeners in the different panels, the stiffener area.céan be shown to
vary approximately as the cube root of the stiffener moment of inertia.

The variations of stiffener area with moment of inertia that are
considered, therefore, are those that can be expressed as

by = KT - (@)

where K, 1s a constent and n equals 2 or 3- In the case of plates

stiffened on one side only, Timoshenko (reference 2) has proposed that
the moment of inertia should be computed about the line of contact of
stiffener and plate.

The stiffener moment of inertia required to prevent buckling cen be
expressed by

(3)

Iy =

g
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whei:e 7 is determined from equation (16) of reference 1 as

h\lk -4 cos B! - cos A' o "
7= p 2 . ( )
(\IB gin A' + VA sin B')

B
[
'—l
+
'—l

1
wiF

A' = “‘;E(1+\/—1_-_—’§->
B'= “';E(l-H)
and

Hence equation (1) can be rewritten as

tg = tp + & (PP- 7)1/:1 , (5)

Nondimengional parameters.- The plate thickness and stiffener spacing
mey vary within the limits

0 < t, S tg

0<LS Ipax



[ PR,

where tg 18 the plate thiclkmess required to maintain stability in the unstiffened plate

t

_ .2
\6/3-(3‘—5—*&—1 -1;31) and I, 1s the stiffener spacing beyond which o amount of stiffening
:t
will maintaln stabllity of the'plate for a given compressive loed, plate width, and plate

thiclkmess = b )
vk
( 2 El * \/1 i zi )

In order to represent the results more convenlently, the analyeis is made nondimensional
by working with the ratios t.p/'l-.B and Lf.[m: instead of the actual plate thickness

and stiffener spacing. Using the symbols

OTLT "°oN EI VOVN

I3

and rearranging equaticn (5) ylelds

_135‘:34_ -(Pbp_)l/nxn l+\/l-€g>_2_ \11-53 83(1"11) oosmg.l'-cosud /n (6)
s | En/ Vb ¢ 31~ |1 - 63 (m+\[§n_n¢)2

1 -1 - 83

where r == .

1+\]1-a3 4
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Minimization.- The plate thickness and stiffener spacing that yield
the lightest weight panel are found by minimizing eq_ua.‘oion (6) with
respect to ¢ and . B

b
t
agaS) =0 (8)

Equation (7) yilelds

_ cos:tgf cos rrgd
stn f - r sin e z \Isinﬂsf )[lsmmf

cos nf - cos rng Wq.\,—sinr

(9)

Values of ¢ or LIy, . that give minimm weight for given values

of n and 8 have been computed from equation (9) and are given in
the following table:

k ) . oD 7 -3
1000 0.159 | 0.910 | 0.950
10 ‘736 -910 | .950
T -805 -910 -950
5 .928 911 .950
k.02 -998 -935 95T
L 1.000 { 1.000 | 1.000

Where stiffening is required (k greater than 4), this table shows that
for values of & ranglng from O to 0.9 the panel weight is a minimm,
with respect to ¢; when ¢ = 0.91 for n=2 and ¢ =0.95 for n = 3.



. v - - e e - - .

Equation (B8) ylelds

OTLT °ON NI VOVN

e\L/n d :
&) =3k -
where
- \/l 83 ba(l'ﬂ) cos rxf - cos- sf
31-“1- (—sinr:tﬂ+\’sin >2
ot .

- 82 l+1+\f1-&3 sin rng
o o e A (1+d:—2°°m¢ won

e p otn g - ]
+1+\'1-63 n-1 _¢® (-y1-8) g - g oos

i ° ﬁ(@ V sinrntw B:Ln.rx¢

-
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Su‘bsti'buting equation (10) into equation (6) gives

1+ V1 -8 M . (11)

A

s lmd-

2
=6+—
3

Equations (10) and (11) and the results of eguation (9) were used
to plot curves for the minimm-welght design of chordwlse stiffened plates.
Values of ‘tp/t; were chosen; and, with LfIy.y equal to 0.91 for
m2\/* Ky
\ b,
and 'ba/ts were computed from equations (10) and (11) and plotted as

absclesa and ordinaste, respectively. The resulis for n =2 and n = 3
are presented In figures 2 and 3, respectively. With plate width, load,
materlial constants, and the relationship of stiffenér area to moment

n=2 and 0.95 for n = 3, corresponding values of

2\ Ky '
of inertia known, —]5— v is defined; and the curves of figures 2
r 8

and 3, with the aid of figure 4, may be used to obtain optimm values
of plate thickness and stiffener spacing, as well as the required
stiffener area and moment of Inertia. The use of these charts 1s
explained by meens of an illustrative example in the appendix.

It can be seen from figures 2 and 3 that as the abscissa increases,
it becomes more advantageous to use thick-skin construction in which the
. 1
Pb2> Sl .

value of 'bp/ts approaches unity. . Indeed, if ( T
8

E,
increased beyond the limiting values 0.361 for n =2 and 0.229 for n =3,
the use of stiffeners wlll yleld a panel heavlier than the umstiffenecd

plate. Conversely, when the abscissa decreases, it becomes more advantageous !
to use thin-skin construction in which tp/'bs approaches zero.

In some cases 1t msy be more convenlent to design the pansel with
L equal to ILy.;, the stiffener spacing at which the plate buckles
through the stiffeners. Design curves for I'/I-!nax equal to 1.00,
plotted in figures 2 and 3, indicate that the increase in weight over

the designs for L/Lp,y equal to 0.91 for n =2 and I‘/Iinax equal
%0 0.95 for n = is at most 5 percent. -

Effoct of stiffener torsional stiffness.- One of the assumptions
made in this paper is that the effects of stiffener torsional stiffness
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on the load-carrying capacity of the stifPfened plate are small and
may be neglected. The validity of, this assumption will now be investigated.

The effect of stiffemer torsional stiffness on the buckling load of
a chordwise stiffened penel can be determined from figures 2 to 5 of
reference 1. From these results the range of plate bay aspect ratio L/b
for which the buckling load is only slightly increased (increased by
less than 5 percent) by the stiffener torsional stiffness can be
determined. The design criterions presented in this paper, based on
the assumption of zero torsional stiffness, can reasonably be assumed
to apply for this range of L/b. Because the deslgn criterions in this
Paper indicate that the most efficient panel design is obtained when
I'/I!max is approximately equal to 1, the effect of stiffener torsional

stiffness on the buckling load is investigated only in the region
immediately adjacent to the cut-off lines in figures 2 to 5.

' : INET
Let the stiffener flexurel-stiffriess parameter i ) 1D be

denoted by S and the stiffener torsional stiffnesg parameter noZ ==

be denoted by T. Then
I 3____]!‘-1.3'-r ,
b bD

gL G
b bD

1

kT

&‘,_@ﬁ_w_
o Sy (12)

If corresponding values of I./b and. VS/T for which the buckling load
is increased 5 percent over that for T = 0 are known, corresponding

from which

values of the parameter %‘\LF—J: that cause this increase may be obtained

from equation (12). These values .01’ I./b and \/S?‘]_? were obtalned
from figures 2 to 5 of reference 1l and were used to construct the curve
of flgure 5 herein. - !

R ———— - - —— — ——— v -
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If, for a given stiffener, the actual value of L/b for the panel
is greater than the value given by the curve of figure 5, the error in
load carrying capacity is less than 5 percent and may be neglected. If
the value of L/b is less than the value given by the curve, the error
i1s more than 5 percent and the effects of stiffemer torsional stiffness
should be investigated more thoroughly.

The following example illustrates the use of figure 5 for a Z-section
stiffener. The web depth h, 1s assumed equal to twice the flange
wldth, and the stiffener thickness +t, 18 assumed wniform throughout.

If G, the shear modulus of elasticity, is equal to En/2.66,

GI__ 0.177
ExIy  hy/tp

X
s

For a.value of h_ft. of 15,

1ler _
ﬂ‘, - 0.0118

and, fram figure 5, the effect of stiffener torsional stiffness may be
neglected if IL/b is greater than 0.1k.

If the upper flange 1s removed from the assumed Z-section, the
resulting stiffener is an angle for which

If h.‘/tr is again equal to 15,

1’(;.1
= -ﬁr——]__r=o.0152

and, from figure 5, the effect of stiffemer torsional stiffness may be
neglected if L/b is greater than 0.18.

Lower limits on the values of L/b for which the effect of
stiffener torsional stiffness may be neglected may be obtalned in a
simlilar menner for stiffeners wlith other cross-sectlonal shapes and
dimensions. )
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CONCIUDING REMARKS

The welght of a simply supported transversely stiffened compression
panel subJected to a glven buckling load has been investigated as a
function of the stiffener spacing, plate thickness, and the geometry
of the stiffemer cross section.

It has been shown that there are particular combinetions of stiffensr
spacing and plate thickness, dependent upon the geometricel properties
of the stiffener cross sectlon, for which the panel weight is a minimum.
Charts have been presented to faclilitate the determination of these
optimm values of stiffemer spacing end plate thickness.

The effect of stiffener torsional stiffness upon the design,
criterions has been investigated. A chart has been presented giving the
range of plate bay aspect ratio for which the torslonal stiffness of a
glven stiffener Increases the buckling load by 5 percent or less. It cen
be reasonably assumed that the desmign criteriems of this paper, based
upon the assumptlion of zero torsional stiffness, wlll epply for this
range of plate bay aspect ratio.

Langley Aeronautiocal Iaboratory
National Advisory Committee for Aeronautics
langley Field, Va., August 2, 1948
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APPENDIX

NUMERICAL EXAMPLE

As an 1llustration of the application of figures 2 end 3 to a
design problem, a plate with transverse Z-section stiffeners (see fig. 1)
wlll be designed 1n accordasnce with the two criterions developed in
this paper.

Plate design illustrating use of figure 2.- The plate width b 1is
25 in. and the load P +o be carried is 10,000 l'b;6 p and E for the
plate and stiffener material are-0.33 and 10.5 X 10~ psi, respectively.
The web depth of the stiffeners is twice the flange wldth, and the ratio
of web depth to stiffener thickness 1s 25.

Under these conditions the area of the stiffener varles directly

as the square root of the moment of inertia, with the constant of
proportionality Kp equal to 0.438. Figure 2 must then be used, with

L

= 0.91
Tuax
end ' 1/p
0.438 /10000 >g23
(Pb2)1/2 Ko _ 25 \10.5 x 10
E, btg 1/3
3 (1 -o0. 10000 X 25
“2(1 0.33%) m———-g.sxm]
= 0.0730

o\ 1/2 :
With these valuss of (o) 2 d LfLyp.y, the optimum
Ep btg g

values of tp/ts and tgftg ave, from figure 2,

— - —— ——— - -- - - C i m r—— - e e e e
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Since

ct
I

3 (1 - 0.332 10000x22
8 ?/12( 33)10.5x10

0.185 in.

the plate thickness for minimm weight is

0.46 %x 0.185

tp

0.085 in.

and the average plate thickness 1is

ty = 0.65 X 0.185
= 0.120 in.
from which ) -
-é; = 0.120 - 0.085

0.035 4n.
" With ""p/ts kmown, the stiffener spacing may be determined as
follows:

%,
From figure %, with I-.P' = 0.46,
8

-I-'%S--.- 0.16

L=0.91X25%X0.16

= 3.64 in.
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Therefore

0.035 x 3.64

0.127in 2

NACA TN No, 1710

and from the relation between A, and I, given by equation (2)

e

2
_QLJ.'gI = 0.08L in-h
0.438

The required stiffener dlmensions are

Web depth = 1.25 in.

Flange width = 0.63 in.

Thickness

0.05 in.

- Plate design illustrating use of figure 3.- The panel designed in

the previous design problem will be redesigned with stiffeners having
a thickness of 0.050 and & ratio of web depth to flange width of 2.
Under these conditions the area of the stiffener varles approximately
as the cube root of the moment of inertia, with the constant of
rroportionality K3 equal to 0.350. Figure 3 must then be used,

with

and

G

Btg

_I'.._ 0.95

Imax

. 2

0.0710

/3
)l
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1/3 ¢

2\l/3 & :

With these values of (%;—) = end Lffyey, the optimm
8 .

values of t,/ty eand t,/ty are, from figure 3,

s = _f).h9
by -
;; = 0 072

Then, since tg = 0.185 in., the plate thickness for minimum weight is
by = 0.49 X 0.185
= 0009.1. in-

and the average plate thickness is

tg = 0.72 X 0.185

0.133 in.
from which
-A'i'! = 0¢l33 - 00091

= 0.0k2 in.

With 'l'.p/'l'.B kmown, the stiffener spacing may be determined as
follows:

: t
From figure %, with EP' = 0.49,
8

Lpex _ 0.18

e

o e e - kA~ e e Pra—r—— " -
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18
and
L=0.95%x0.18x25

= 4.28 in.
Therefore )

A, = 0.42 x 4.28

= 00180 moau

and

0. 3

1= 87%‘3% - 0.099 1n.*

The required stiffener dimensions are

Web depth = 1.80 in.
Flange width = 0.90 in.
Thickness = 0.05 in.
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Figure 1,- Simply supported plate with transverse stiffeners.
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Figure 2.~ Minimum-weight-design curves for .e(’.imply)supported plates with transverse stiffeners
n=32),
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Figure 3.- Minlmum-welight-design curves for s.(:lmply)supportad plates with transverse stiffeners
. n=3).

OLLT "ON EL VOVE



e o e

'.O_._l|fl|ll|lll1jil$
8F -
.4'_ /"
: i
2 — -
e -
OL O T T T T A A
o .2 4 6 10

Figure 4.~ B8tiffener spacing beyond which plate
stability cannot be maintained.
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L Error less
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Z
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|

l

Figure 5,- Error in panel load-carrying capacity
cauged hy neglect of stiffener torsional stiffness.
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